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Abstract - Deregulated energy market participants
mostly must use the Hourly Price Forward Curves (HPFC) to
evaluate their long term energy price contracts. We propose
a new framework to estimate of hourly, daily and yearly en-
ergy price profiles, based on the median estimation, instead
of the widely used mean value. Hourly and daily data used
for estimation are normalized in order to minimize the sea-
sonality bias in our predictions. Given the high dimension-
ality of the problem, we use the LAD-Lasso model selection,
as a way to prevent data overfitting. To test the proposed
framework we used the German electricity spot price time-
series. We discuss the effects of large negative hourly pss,
residuals of daily estimation and data outliers. We show tha
our framework provides significantly improved estimation of
HPFC compared to the simple mean estimators.

Keywords - Electricity prices modeling, hourly price
forward curve, robust statistics, non-normal distribu-
tions, spot markets.

1 Introduction

In the early 1990’s many power markets in Europe
were transformed from monopolies of publicly owned
companies into liberalized power markets. Since 1998,
the power market in Germany is fully liberalized, with
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is not available, the method used to evaluate a long term
contract is the hourly price forward curve (HPFC), which
is used by all market participants as the arbitrage free in-
strument for pricing contracts on an hourly basis [3]. The
HPFC is the starting point for every trading and hedging
decision, contract risk evaluation and the basis of Monte
Carlo methods for power plant evaluation.Therefore, it is
the most important pricing instrument in power markets.
The HPFC construction methods consist of the following
elements:

1. estimation of the daily profile
2. estimation of the hourly profile

3. arbitrage free inclusion of the exchange traded for-
ward prices

For the estimation of 1), factor models are used for sea-
sonality, weather and other external influences, based on
several regression techniques and with daily average of the
spot prices as an input.

The spot market is in general a volatile market with spikes
in price and with a skewed, non-normal distribution. In
Germany, the high wind power generation capacity and,
since September 2008, the possibility of negative prices
result in even bigger challenges to achieve robustness in

markets for spot and long term contracts available on en- parameter estimation and model selection. The estimation
ergy exchanges and for over-the-counter trading. All com- of 2) is done through expectation estimation over different
panies, from the large power generating conglomerates clusters of days. 3) will be done by multiplying the traded
to the public utility companies, sell and buy energy over future products to the estimated profile.

these markets. However, the majority of the contracts are In this paper, we develop a framework to estimate
long term, hence they are used as power supply contractshourly profiles, daily base profiles, and a yearly profile
and as hedging instruments for spot contracts. Every mar- via the median, see [4]. The estimation of the mean or
ket participant, large producers, traders and publictytili  the center of a distribution by using the average over the
companies, must determines the price of a contract with observed realizations is a non-robust estimation if tha dat
a given profile on an hourly basis. Because electrical en- is heavy-tailed or skewed. Due to the non-normal distri-

ergy is a non-storable good, the standard forward pricing
method, pricing the futuréy by discounting the current
spot priceS, and storage costs with interest rate- and
time to maturityT as Fy = (So + U)e"™) is not possi-
ble [1]. Another method is proposed by [2], with contract
pricing based on the ability to produce power. Since the
standard contract pricing methodology does not work and

bution of the power prices, the mean estimator needs to be
robust and thus, we use the median as robust mean estima-
tor. Price jumps highly affect the daily mean estimation,
hence there are mostly one or two hours within a day with
extreme, positive or negative values, which reflect only the
outliers and not the whole day. This effects the calculation
of all expectations and also the behavior of the regression

the method proposed by [2] cannot replicate seasonality algorithms. It will be shown that using the median as a

and requires the full knowledge of all power plants which

basis for the expectation value estimation increases the ro



bustness and also avoids the generation of negative dailyand hourly profiles:, ; are modeled as weight for the ex-
averages. isting traded long term future contraci& The hourly

For the calculations we ignore daylight saving time prediction of the HPFC for future daysand hours;j is
changes to ensutk! hours per day over the full year. In  modeled as
section 4, we discuss the application of the daylight saving HPFC, ; = d,h, ;Fy (4)
time to the HPFC. . 7 7

The paper is organized as follows. We first discuss the with E-[d,] = 1 and E[h-;] = 1.
HPFC model based on the mean estimator. In section 3we2.1 Normalization of the Data
introduce the HPFC model based on the median estima-
tor and discuss the application of the LAD estimator and
the LAD-Lasso model selection framework. The testing
framework and a detailed discussion of the results is given
in section 4. The last section 5 summarizes our results. ZNoHt S

dy = =21 7
¢ NoH,

The first step is to model the seasonality and external
impacts on the spot prices on daily basis. The estimation
of the expected daily profilé, is calculated as:

=Ej[Se.4], (5)
2 Hourly Price Forward Curve Calculation via the
Mean whereS; ; is the spot price of day and hourj, NoH; is

The HPFC is a forecast of future hourly prices in- the number of hours a day aftdenotes the empirically

cluding seasonality (intraday profile, weekly- and yearly) ~€Stimated expectation.
weather, environment information and the long term mar-
ket expectations. To prevent arbitrage opportunities, the ,
average price of the HPFC must be equal to the future fined by the equation

contract at the corresponding time interval. This conditio NoDi.

must be satisfied also for peak and offpeak hours. This is Gy = @ — Et [de |t € R, (6)
the so called arbitrage free condition. NoDy,

To do so, -it is necessary to calculate_the profile on an \whereNoD; is the number of days a yedr|s the index
hourly basis, which carries all seasonality and weather in- ¢, the years and;, is a set which contains all data of the

formation with a mean representing the neutral elementto ¢, year. The full year means all days of the year, for ex-
the applied operation. Technically, all seasonality can be ample 18" of March 2012 to the 14 of March 2013.' The

modeled on the highest fregugncy, hourly dgta forthe_price setsf;, form together the entire s&t. Given the yearly
models. When we face limitations on data, i.e. unavailable profile a;, the normalized daily profile; is defined by

hourly data or computational time issues, the model has to

be divided in two elements, the daily model and the intra- dy

day model. In this paper we use the following notation: Y= e fet 0 Y

The day index for realized daystdsndr for future days. . ) ] ) )

The index for the hours ig andk for the realized years. 9, defines a white noise process with zero expectation and
All prediction calculations are done at the last dagnd a finite variancer?, i.e. 9; ~ wn(0,0”) andE[y;] = 1.

the first element of the days We denote by, ; the spot 5 5 Egtimation and Prediction of the Daily Weights
data at day and hour;.

The estimation of the expected yearly profileis de-

The daily profiled; is defined as For the normalized daily profile estimation, we pro-
- pose a model with a deterministic pdftand a stochastic
dt = dt + Et, (1) partﬁ.
_ d, .
with the expected valug; and wherez; defines a white Jr = = = fe + 9. (8)
noise (un) process with zero expectation and a finite vari- Ok

anceo?, i.e. &, ~ wn(0,0?). The daily profile is the We choose a linear factor model for the deterministic ele-

deviation from the expected valdg. The hourly profile ~ ment/; of the form:

is defined as B - . .
hij = hej + g, (2) fo =a+ Xy, 9)

with the expected value; ; and wherey, ; definesawhite ~ wherea and 3 are unknown parameters. The data for
noise process with zero expectation and a finite variance X € R are assumed to be known. We estimate the pa-
o2, i.e. g ~ wn(0,0?). The hourly profile is the devia- ~ rameters and the estimated expected daily factor

tion from the expected value, ;. The yearly profiley, is

defined as fo=a+ X, (10)

@k = @ + E (3) which is determined using an regression.
where¢;, defines a white noise process with zero expec- The ordinary least square estimator (OLS) minimizes
tation and a finite variance?, i.e. & ~ wn(0,02%). The a squared loss function which is the equivalent of the max-
yearly profile is the deviation from the expected vaiye imization of the log-likelihood function of the Gaussian

The long term product price is the market expectation distribution to determine the conditional expectations.
fair price for energy in this period, so the daily profile This is the regression equivalent of the non-conditional



expectation by using an sample average.

The predictions of the independent variabjedor fu-
ture timer are calculated by the linear prediction equation

To ensure the condition;:fy;] = 1, the predicted daily
average must be normalized by the predicted yearly profile

Yk
Ex [9x]

gT\TGR
E li- |7 € 8]

(12)

f‘r|T€ﬁ =

2.3 Hourly Profile Calculation

To complete the price model (4), the hourly profile;
with the intraday seasonality has to be estimated. The in-

traday seasonality reflects the day and night cycle and be-

havior such as cooking around noon, illumination in the

evening and so on. To ensure a statistical amount of data,

hours of familiar days will be packaged together in clus-
ters 4 wherel; is a set which contains hourly data of
days which belong to a cluster of statistically similar days
i.e. days which exhibit similar behavior, such as summer
weekdays. The union of sefg, form the entire sefl.

With given clusterdly, the hourly profilehg“j) can be
calculated by the equation

S .
ht,j - dL;Ja (13)
and the corresponding hourly profile by
BB = Bylh It € 4] (14)
t,j t1/vt,g ks

whereil; denotes the appropriate cluster of comparable
days and satisfy the condition

~

Ejlhi ] =1, (15)

the clusters are assumed as known.

Given the normalized factor estimatiofy and the
hourly profile estimatiok; ; the hourly residual®, ; are
given by

&, = Sij— anhejfi. (16)

To scale the residuals, so they are in the same dimension

as the factors, the relative residuais; can be calculated
by removing the yearly average from the residuals

b S,
2 2JJ L

brj ==L = (17)
Ak Ak

2.4 Building the HPFC

To calculate the HPFC, traded future products must be
weighted by daily and hourly profile$ andh, ; which
carry the estimated deterministic information. The future
products must be applied to the curve in a way that the
price of the curve is equal to the mean of the correspond-
ing future during delivery time.

HPFCJ"TGS:(:-,]-UGSC = f‘r|‘r€35 h‘r|‘r€357j\j€{§"c FT\TG{S"Ca
(18)
5. is the set of days which are the days during the delivery
time of the future produdt, i.e all days of the year 2016
belong to the future contract with delivery time in the year
2016. The set§,. form together the entire s@t

3 Estimation Calculation via the Median

In this section we propose the calculation of the expec-
tation using a median estimator instead of the average es-
timator. We discuss the assumptions of mean and median
estimator, define the model based on the median estimator
and introduce the LAD-Lasso method as estimation and
parameter selection technique for the regression problem.

3.1 Structure of the Data and Assumptions

The sample average is a bias-free estimator of the
mean under the assumption of normally distributed data.
Figure 2 shows the histogram of spot prices compared
with the normal distribution. An estimator based on the
normal distribution will be dominated by the jumps and
tail events and results in a biased estimation. To handle
this kind of data, we have to rely on estimators which
are robust against non-normal distributed data [4]. In this
paper, we use the median and the corresponding least
absolute deviation (LAD) as estimators robust against
non-normal distributed data.

3.2 Median as Robust Estimator of Expectations
The median M [z] is defined as

. Tns1 n odd
ofe] = { |

2 19
5(zn +2241) neven (19)

Median and mean absolute deviation (MAD) are based on
the Laplace distribution

b)=—
f(x|/’L1 ) 2be
and are the equivalents of mean and variance in the Nor-
mal distribution

Halp,0) = ——

The maximum likelihood estimator of the Laplace distri-
bution is defined by

|z

— i
13

(20)

1 _@=w?
e 202

(21)

@) = HLE}X{ﬁf(wtlut,b)}

log, I(x) = %§X{loge(ﬁf(wtlut,b))}
Lw) = I%\X{iloge (F(wilae, 1) }
s = e o () 1)



with (55) = const,u; denotes the conditional expecation
andb > 0 the log-likelihood estimation becomes

min
223

(23)

wherexz; = y;. With 4, = —a — X, the LAD esti-

mator is defined by

T N
L = 12151{2 | v —a—ZﬂiXt,i | } (24)
’ t=1 1=1

As shown in [5], the mea&[z] and the mediaii[z]
can be estimated by

{f}(xt -~ (@29)
|2 _f|}.

arg min
T

o~
Il
=

M=

(26)

arg min {

x

o~
Il
=

3.3 Median Based Models

We will now introduce the model based on the median
estimator for daily and hourly estimations. The symbol
I\A/Ij[StJ-] represents the calculation of the sample median,
corresponding to the sample average calculation symbol
E;[S:,]. We will show the changes of the model using

the median estimator instead of the mean estimator for the

estimation equations (5), (6), (12) and (14). The full set
of equations for the models are shown in table 1 at the end
of the paper.

According to the condition Hy;] = 1, for the median
estimation the condition My:] = 1 must hold.

Equation (5) with the median estimator will be
changed to

dy = M[S ], (27)

whereM is the sample median estimation.

The yearly profileay, is defined with the mean esti-
mator in (6). The problem using the median estimator is
given by

ar = My[d, |t € 8] (28)

wherek is the index of the years. Given the yearly estima-
tion ag, the normalized daily estimatiapn can be defined
correspondingly to the mean estimation as

_ ke

Yt (29)

ag

with the condition M[y,] = 1.

Corresponding to the mean estimator the hourly pro-
file h; ; for given clustersl, is calculated by

") = My [he; [t € ), (30)

whereil, denotes the appropriate cluster of comparable
days with the condition

A~

M;lhe ;] = 1. (31)

Concerning computational speed, implementations,
problem size and dimension limitations, the median es-
timator is competitive with the mean estimator. Efficient
algorithms for the median calculation are available for all
major programming languages.

3.4 Model Selection via the LAD-Lasso
3.4.1 LAD Estimator

We introduced the median estimator as the estimator
based on the Laplace distribution with the property of ro-
bustness against non-normal distributions. The consis-
tent estimator choice for the parameter estimation prob-

lem (10), based on the median estimationg027) and

ar (28), is the LAD estimator (24) based on (23) and (26).
Unlike the unconstrained OLS regression problem, the

LAD problem cannot be solved analytically and must be

solved numerically. The optimization problem can be

written as a linear programm (LP) [6] with the structure

T
min er + 32
i St @2)
N
S.t: yt_a_ZBiXt,i:et_ft Vt=1...T
=1
e,f>0 Vi=1...T

Because the optimization problem is of the LP type,
it can be solved very efficiently even in very high dimen-
sions. Given the nature of the LAD estimator based on
a linear penalty function, this estimator, unlike the OLS
estimator, is robust against non-normal distributed data.

3.4.2 Model Selection via the LAD-Lasso

After the introduction of the median and LAD esti-
mator, we have to address the problem of overfitting and
model selection. In estimation techniques for every new
parameter introduced in the optimization problem, the fit
will be better. The problem is that can be because of
adding a parameter carrying information or because of
overfitting. The idea of model selection is to identify the
variables with carry deterministic information, all vari-
ables which do not carry process information are set to
zero. Several methods have been developed to tackle that
problem. A widely used approach is stepwise regres-
sion, but stepwise regression has been proved to be sub-
optimal [7] and is computationally intensive, especiatly i
larger problem dimensions. Starting with the work of [8]
with the Lasso, also known d$-regularization and ex-
tended by [9], the LAD-Lasso solves the estimation and
the model selection problem on the full parameter set in
one optimization problem of the formulation



in March after the calculation to add daylight saving time.
Hence this method effects only two of the 8760 hours of

d al al the year, the error on the arbitrage free condition because
F { ; lys == Z; Kol + TZ; Ailfil } of this action is negligible.

regression regularization
(33) 5000 -
with A > 0. The A must be estimated in an a priori pro-
cess [9]. The regularization term in (33) is always larger
than zero for every parametgr # 0. The full optimiza-
tion problem becomes smaller only if a parameter loading 1
Bi # 0 decreases the regression part of the problem faster zoul-
than it increases the regularization part. Therefore, only
variables carrying information will be loaded in this min-
imization problem. This problem can also be written as a

4500 -

4000

2500

2000

LP, see [9], and can thus be solved in high dimensions. 1500~
4 Results 500
4.1 Test Framework ol—1 ‘ L ‘ ‘ ‘
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Figure 2: Histogram of hourly German electricity spot prices comgare

We will compare the results of the different estima- | & 5 0= P istribution

tors in a test framework based on the German spot price

time series. German spot prices contain high price jumps 4.2 Results

in positive and negative directions and are available since L )

several years, see Figure 1. The data is raw data, we will 1€ HPFC calculation is based on daily and hourly

discuss the truncation of the data, with the aim to increase profiles. The daily estimation; is the basis of the fac-

robustness, at the end of the section. tor model to model seasonality and weather influences.
Hence the major effect is covered by the daily estimation

d; and the hourly estimatioh, ; is modeled around the
or _ daily estimationd,. The focus of the analysis will here be
. L
300 7 on the daily estimatiod,.
200 1 We discuss the following aspects in our analysis of the es-
timators:
100
=
§ 0 1. Effects of If;lrge negative hourly prices on the daily
Y ool ] estimationd;,
200" ] 2. Residuals of the daily estimatiaﬁg,
el | 3. Impact of outliers on the HPFC calculation,
-400 -
. ‘ 4. Truncation of the Data.

I
2009 i 2010
time

) ] ) At the end of the section, we briefly discuss the truncation
Figure 1: Realized hourly German spot price

of the price data to compensate the mean and OLS estima-
tors lack of robustness. For all time series plots, the mean
estimator time series are shown in black and the median
estimator time series in red.

As independent factors for the regression and model
selection framework, we will use calendar information
about days and months and weather information such as
heating degree days (HDD), cooling degree days (CDD), 4.2.1 Large Negative Hourly Prices
average temperature and wind speed. The predictions of
the weather factors will be done by the extrapolation of ~ Figure 1 shows the hourly spot prices in Germany
norm data calculated from 30 years of historical data. The from 2008 to 2010 with several occurrences of hours with
reference temperature for HDD and CDD calculation de- Negative prices. To discuss the effect of a few high nega-
pends on the Country_ The Spot prices are provided by tive priceS on the estimators we will take thté &f Octo-
the European Power Exchange (Epex) and the historical ber 2009 as an example. Figure 3 shows the histogram of
weather information by Bloombefy the hourly spot data on thé"4of October, with 20 hours

In real world applications daylight saving time is im-  With a positive spot prices and 4 hours with a negative spot
p|emented' For ourca'culationsy we assume that every dayprices, and the normal distribution fitted to the data. As
has 24 hours and ignore the daylight saving time for the es- discussed in section 3 the four negative hours, especially
timation procedures. In the final HPFC we double the 2:00 the -500.02€/MWh price dominates the estimation of the
to 3:00 hour in October and remove the 2:00 to 3:00 hour OLS estimator and results in a negative daily estimadion



of -13.63€/MWh because of one event under the assump-
tion of the normal distribution. The estimation of the me-
dian estimator assuming the Laplace distribution resnlts i

a daily estimationl, of 17.17€/MWh. The negative daily

estimationd; of the OLS estimator is a miss estimation
of the day, driven by mainly the one tail event. Indepen-

dently from the hourly estimatioh, ;, the negative daily
estimationd; ; results in a negative weight of the full day.

4.2.3 Impact of Outliers on the HPFC

Given the estimationg, andy, and the discussion
of the robustness of the LAD-Lasso estimator against
tail events, we show the effect of the predictions on the
HPFC. Qualitative checks like the correct positioning of
the weekends and holidays are mostly driven by the esti-
mation framework of the linear factor modgl= a+38X;
and the independent variabl&s. This is mostly the task

Hence one negative price can be economical defended, aqf 5 robust model selection estimator like the LAD-Lasso.

full negative day estimation would result in the shutdown
of larger base load power plants in reality.

7
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Figure 3: Histogram of German hourly spot prices on tHé& 4f October
2009
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4.2.2 Residuals of the Estimations

Indicators of robustness of the LAD-Lasso, against tail
events, outliers and overfitting of the model selection, in-
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Figure 5: HPFC Calculated with mean (black) and median (red) estima-
tion

€/MWh

The effect of the wrong estimations df andy; be-
cause of tail events are shown in Figure 5 with the com-

troduced in section 3.4.2, are the insample residuals of the parison of the HPFC estimation using mean and median

estimation shown in Figure 4.

The residualgb, are the part of the signal not explained
by the deterministic part of the model resulting from the
insample estimation, see (16). As shown in Figure 4,

the negative daily estimations and the resulting nega-
tive normalized daily estimatiof), of the mean estimator
are treated as noise by the LAD-Lasso model estimation
framework. This is the result of the absolute value cost
function which is less effected by tail events and outliers.

mean
median

€/MWh

I
2010

|
2009 .
time

Figure 4: Daily insample residuals of the LAD-Lasso estimation

estimators. During September 2009 a group of French nu-
clear power plants were disconnected from the grid un-
expectedly with the result of very high spot prices in Eu-
rope. The figure shows very high results of the price at the
HPFC calculated by the mean estimator in the Septem-
ber month.The mean estimator completely overestimated
the one high September months because of the strong im-
pact of one exceptional month. As a result of the overes-
timation and the mean value constraitgs; ;] = 1, the
HPFC calculated based on the estimati@nandy, by the
mean becomes very lacerated, which even results in pre-
diction of negative prices in the HPFC and constant over
estimations of September prices, which cannot be con-
nected to any seasonal effect. The HPFC calculated by
the median estimates df andy, results in a much more
compact curve which is not influenced by the prediction
of one high September spot.

4.2.4 Truncation of the Data

It is possible to truncate the data before the estima-
tion to compensate the lack of robustness of mean and
OLS estimators. Common actions are capping and man-
ual weighting. Both methods result in additional parame-
ters and thresholds, which have to be defined empirically.
With the introduction of additional parameters, the danger



of overfitting and insample optimization increases dramat-
ically. The use of the median estimator does not need any

C. Hull lll. 1 CD-ROM Includes bibliographical referencesdain-
dexes Windows 2000, NT, XP, ME, Vista.

data processing or additional parameters and allows this [2] J. Hinz, L. Von Grafenstein, M. Verschuere, and M. Witinet'Pric-

operation on pure statistical basis.

5 Conclusion 13]

In this paper, we introduced a HPFC calculation
method based on the median estimator and the LAD-
Lasso as an estimator with model selection and robustnessf4]
against non-normal distributed data including tail events
outliers and skewness. We showed the estimation results
of the daily predictiond; and the hourly price forward
curve can be significantly improved by the median estima-
tor compare to the mean estimator. We also showed the ro-
bustness against outliers of the LAD-Lasso for estimations
of the deterministic effects in the HPFC model. The use
of the median estimator allows a robust estimation without [€]
the need of any kind of data truncation, which lowers the
chance of overfitting and insample optimization.
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Table 1: Model comparison of mean and median based estimation

Model Element No Mean based model Median based model Name
~ ENOH St . —~ 2 .
1 di = =7t = Ej[St4] di = M;[St ;] daily average
2 hej = S(;;j hej = Sj;j normalized hours
Normalize 3 hij = Eilhe; |t € 40 hej = Mlhe |t € 4] hourly profile
N NoD —~ N ~
4 | ap = % = E¢[d: |t € 8] ap = M¢[d: |t € 8] yearly average
5 yt = ;L]tc Yyt = Z—Z normalized daily average
6 Y = Z_Z = fi + O YL = g—; =fi+9 measurement equation
7 fi=a+BXx fi=a+pBXx regression equation
8 ir = &+ BX~ gr = &+ X~ prediction equation
9 fo= 9r fr= Ur normalized factors
Daily Prediction I = &l T Wlgy]
10 &1 j = Sij — axhe;fr by ;= Spj — arhe ;i fr residuum equation
11| iy = % = S;t_kﬂ —hejfe | by = q;'kJ i'kj — hejfi | relative residuals
Hourly Profile 12 ZE"J) —E [he,5 |t € U], ZEKJ) =E [he,j [t € U], hourly profile
HPFC Calculation|| 13 HPFC, ; = f;flmpt HPFC, ; = f;fizf,th apply futures




